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In this paper, we study supersymmetry in quantum mechanics using the generalized uncertainty
principle (GUP), or in other words, generalized supersymmetry in quantum mechanics. We construct
supersymmetry in the generalized form of the momentum operator, which is derived from GUP. By
generalizing the creation and annihilation operators, we are able to transform the supersymmetry
into a generalized state. In the following, we address the challenge of solving the Schrödinger
equation for the generalized Hamiltonian. To overcome this difficulty, we employ perturbation
theory to establish a relationship between the creation and annihilation operators. By solving this
equation analytically and utilizing wave functions and energy levels, we can generate new potentials
using the creation and annihilation operators of the wave functions and energy levels for the newer
potentials.
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I. INTRODUCTION

The uncertainty principle, which is a cornerstone of
quantum physics, establishes a fundamental limit on
the precision of measuring incompatible physical quan-
tities. The Generalized Uncertainty Principle (GUP)
goes beyond the Heisenberg Uncertainty Principle by
considering the influence of gravity and other funda-
mental forces on particle behavior[1]. It provides a more
comprehensive understanding of the limitations of mea-
surement precision in quantum mechanics.
The Generalized Uncertainty Principle (GUP) has been
directly applied to the motion of macroscopic test bod-
ies in a specific space-time, effectively connecting clas-
sical mechanics with general relativity[2]. By consider-
ing the influence of gravity, the Generalized Uncertainty
Principle (GUP) offers insights into the behavior of par-
ticles in the presence of strong gravitational fields or at
extremely small length scales.
One of the key implications of the Generalized Uncer-
tainty Principle (GUP) is the existence of a minimum
length scale in the universe. Below this scale, the con-
cept of position becomes meaningless, and the uncer-
tainty in position measurements increases[3]. This min-
imum length scale arises from the interplay between
quantum mechanics and gravity, suggesting a profound
connection between the microscopic and macroscopic
aspects of the universe.
The GUP has also been used to derive a momentum-
dependent effective mass Schrödinger equation, which
provides a modified description of the behavior of par-
ticles in quantum systems[3]. This modification takes
into account the influence of the Generalized Uncer-
tainty Principle (GUP) on the dynamics of particles,
which can have implications for various areas of physics,
including quantum field theory and cosmology.
In conclusion, the Generalized Uncertainty Principle is
a significant concept in quantum physics that expands
upon the traditional uncertainty principle by taking into

account the influence of gravity and other fundamen-
tal forces. It provides insights into the limitations of
measurement precision and the behavior of particles in
different physical scenarios. The Grand Unified The-
ory (GUP) has implications for our understanding of
the fundamental forces of the universe and the inter-
play between quantum mechanics and gravity.
In this paper, we study Supersymmetry in Quantum
Mechanics using the Generalized Uncertainty Principle
(GUP). At first, we review classical supersymmetry in
quantum mechanics (SUSYQM)[4] and then we modify
the supersymmetry in quantum mechanics using GUP.

II. CLASSICAL SUPERSYMMETRY IN
QUANTUM MECHANICS

Supersymmetry is a principle of symmetry in quan-
tum mechanics that relates two fundamental classes
of particles: bosons and fermions[5]. Bosons have an
integer-valued spin and follow Bose-Einstein statistics,
while fermions have a half-integer-valued spin and fol-
low Fermi-Dirac statistics. In supersymmetry, each par-
ticle from one class has an associated particle in the
other class, known as its superpartner[5]. The super-
partners have the same mass and internal quantum
numbers as their corresponding particles, but they dif-
fer in their spin.
Supersymmetry has various applications in different ar-
eas of physics, such as quantum mechanics, statisti-
cal mechanics, quantum field theory, condensed mat-
ter physics, nuclear physics, optics, stochastic dynam-
ics, astrophysics, quantum gravity, and cosmology[5].
In particular, supersymmetry has been applied to high-
energy physics, where a supersymmetric extension of
the Standard Model is a possible candidate for physics
beyond the Standard Model[5]. The minimal supersym-
metric extension of the Standard Model (MSSM) is an
example of a successful gauge theory that provides a
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framework for understanding the behavior of particles
at high energies[6].
One of the key features of supersymmetry is that it re-
lates the equations for force and matter, making them
identical [5]. This property has important implications
for the behavior of particles in different physical scenar-
ios. For example, supersymmetry predicts the existence
of a stable particle that could be a candidate for dark
matter, a mysterious substance that constitutes most
of the matter in the universe [7]. Supersymmetry also
plays a role in the study of string theory, a theoretical
framework that aims to unify all the fundamental forces
of nature[8].
In this paper, we investigate Supersymmetry in quan-
tum mechanics. Specifically, we explore the relationship
between two Hamiltonian systems, their wave functions,
and their eigenvalues. In general, the Hamiltonian can
be expressed as follows:

Ĥ =
P̂ 2

2m
+ V (x) (1)

where P̂ = −i d
dx and V (x) is the potential of the system

. Assume we have two systems with Hamiltonians , H1

and H2 as

Ĥ1 =
P̂ 2

2m
+ V1(x) = − d2

dx2
+ V1(x) (2)

Ĥ2 =
P̂ 2

2m
+ V2(x) = − d2

dx2
+ V2(x) (3)

which V1(x) and V2(x) are the potentials which the sys-
tems have and we assume 2m = 1 . Now consider the
Creation and Annihilation operators in quantum field
theory define as

Â =
d

dx
+W (x) , Â† = − d

dx
+W (x) (4)

where W (x) is called Superpotential[4] . Now we
want to construct the Hamiltonians by these operators
so

Ĥ1 = Â†Â , Ĥ2 = ÂÂ† (5)

then the potentials of the systems can be written in
terms of W (x) as follows

V1(x) =W 2(x)−W
′
(x) (6)

V2(x) =W 2(x) +W
′
(x) (7)

In Supersymmetry (SUSY), we must consider the
ground state to have zero energy. This is because we
need to create a gap between two systems in order to
determine the energy levels and wave functions of the
second system. By doing so, we can establish a rela-
tionship between the ground state wave function and

the superpotential.

W (x) = −ϕ
1′

0 (x)

ϕ10(x)
(8)

this solution is obtained by recogonizing that once we
satisfy Âϕ10(x) = 0 , we automatically have a solution
to Ĥ1ϕ

1
0(x) = Â†Âϕ10(x) = 0.

From eq.5 we have this relation

ÂĤ1 = Ĥ2Â , Ĥ1Â
† = Â†Ĥ2 (9)

In fact the Supersymmetry has algebra is called Super-
algebra sl(1/1) [9] and have commutation and anti-
commutation relations [4] so we can obtain the relation
between wave functions and energy levels of two system.
From the Schrödinger equation

Ĥ1ϕ
1
n(x) = E1

nϕ
1
n(x) , Ĥ2ϕ

2
n(x) = E2

nϕ
2
n(x) (10)

then

ϕ2n(x) = Âϕ1n+1(x) , ϕ1n+1(x) = Â†ϕ2n(x) (11)

E2
n = E1

n+1 , E1
0 = 0 (12)

In [9], it is explained in quantum field theory that if the
ground state of the annihilation operator becomes zero,
then we can say that the masses of fermions and bosons
are equal. However, we have not observed this equality
in nature. Therefore, physicists believe that this super-
symmetry was spontaneously broken.
So in the end, if we have two systems that are super-
partners of each other, we can solve one system and
obtain analytical solutions for the wave functions and
eigenvalues of the second system using the Â(Â†) oper-
ators (Creation and Annihilation operators).
For instance, if we have an infinite square well potential
V (x) = 0, where 0 < x < L, we know that the wave

functions are given by ϕn(x) =
√

2
L sin

(
nπx
L

)
. There-

fore, from equation 8, we have

W (x) = −ϕ
1′

0 (x)

ϕ10(x)
= −π

L
cot

(πx
L

)
(13)

Now we can generate new potentials and get the wave
functions for each of them analytically , so

Vp+1(x) =
π2

L2
[p(p+ 1) csc2(

πx

L
)− p2] (14)

ϕp+1
0 (x) ∝ sinp+1(

πx

L
) (15)

In Figure 1, we plot the ground state and first ex-
cited state wave functions in the potential V (x) =
2 csc2(πx)−1. We obtained the analytical solution using
the Â and Â† operators and applied them to the solu-
tions of the infinite square well potential with p = 0.
Note that it is possible to obtain W (x) by starting with
one potential and then producing different potentials. It
is also possible to produce partner potentials by choos-
ing W (x).
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FIG. 1. The ground state (dotted line) and first excited
state (dashed line) wave functions in V2(x) = 2 csc2(x) − 1
have been plotted. We assume that L = π.

III. GENERALIZED UNCERTAINTY
PRINCIPLE

The GUP, which stands for the Generalized Uncer-
tainty Principle, is an extension of the famous Heisen-
berg Uncertainty Principle in quantum mechanics. The
Heisenberg Uncertainty Principle states that there is a
fundamental limit to the precision with which certain
pairs of physical properties, such as position and mo-
mentum, can be simultaneously known. However, the
Generalized Uncertainty Principle goes a step further
by considering the effects of gravity.
The Generalized Uncertainty Principle arises from at-
tempts to reconcile quantum mechanics with general
relativity, which describes gravity as the curvature of
spacetime caused by mass and energy. In the context
of GUP, the uncertainty in position and momentum is
modified to include gravitational effects.
Mathematically, the Generalized Uncertainty Principle
can be expressed in various forms, depending on the
specific theoretical framework being used. One com-
mon form is.

∆x∆p ≥ ℏ
2
[1 + α∆x2 + β∆p2] (16)

Here, ∆x represents the uncertainty in position, ∆p rep-
resents the uncertainty in momentum, ℏ is the reduced
Planck constant, and α and β are dimensionless param-
eters that depend on the specific theory being consid-
ered. These parameters are typically associated with
the effects of gravity.
The Generalized Uncertainty Principle introduces addi-
tional terms involving the squares of the uncertainties
in position and momentum, which are not present in
the Heisenberg Uncertainty Principle. These terms re-
flect the influence of gravity on the fundamental limits
of measurement in quantum mechanics.
It is important to note that the Generalized Uncer-
tainty Principle is still an area of active research and
is not yet fully understood. Different theoretical frame-
works, such as string theory and loop quantum gravity,

may yield different forms of the Generalized Uncertainty
Principle (GUP). Therefore, the specific mathematical
relationships of the Generalized Uncertainty Principle
(GUP) can vary depending on the theoretical context
in which it is applied. So, the commutator relation be-
tween x̂ and p̂ is:

[X̂, P̂ ] = iℏ(1 + αx̂2 + βp̂2) (17)

Let us define the generalized space and momentum op-
erators

X̂ = x (18)

P̂ = −iℏ[(1 + αx2)
d

dx
+ γx] (19)

Now we are going to investigate supersymmetries in
quantum mechanics by means of generalized operators
of space and momentum.[10–12]

IV. GENERALIZED SUPERSYMMETRY IN
QUANTUM MECHANICS

Let obtain the Hamiltonian in this approach , so

ˆ̃H = P̂ 2 + V (x)

= −(1 + αx2)2
d2

dx2
− 2(γ + α)x(1 + αx2)

d

dx

− γ(1 + αx2)− γ2x2 + V (x) (20)

we assume iℏ = 1 , so the Hamiltonian is Hermitian and
the normalized wave functions in Hilbert space (a, b) is
as[13],[14]

⟨ψn|ψm⟩ =
∫ b

a

ψ∗
n(x)ψm(x)

1 + αx2
dx (21)

We prove this in Appendix A. In this case we define the
generalized potential Ṽ (x) which Ṽ (α, γ;x) = V (x) −
γ(1+αx2)−γ2x2 . Let us define the generalized creation
and annihilation operators

ˆ̃A = (1 + αx2)
d

dx
+ γx+ W̃ (x) (22)

ˆ̃A† = −(1 + αx2)
d

dx
− γx+ W̃ (x) (23)

where W̃ (x) is Generalized Superpotential. Now
we can construct the Hamiltonian Super partner by cre-
ation and annihilation operators like sections II , so

ˆ̃H1 = ˆ̃A† ˆ̃A , ˆ̃H2 = ˆ̃A ˆ̃A† (24)

and we have yet this relations

ˆ̃A ˆ̃H1 = ˆ̃H2
ˆ̃A , ˆ̃H1

ˆ̃A† = ˆ̃A† ˆ̃H2 (25)
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therefore

V1(x) = W̃ 2(x)− (1 + αx2)W̃
′
(x) (26)

V2(x) = W̃ 2(x) + (1 + αx2)W̃
′
(x) (27)

and

ψ2
n(x) =

ˆ̃Aψ1
n+1(x) , ψ1

n+1(x) =
ˆ̃A†ψ2

n(x) (28)

Ẽ2
n = Ẽ1

n+1 , Ẽ1
0 = 0 (29)

Therefore, potentials do not depend on γ, but wave
functions and generalized potentials do depend on γ.
Now, considering the ground state wave function has
zero energy, we can write it as eq. 8.

ˆ̃Aψ1
0(x) = [(1 + αx2)

d

dx
+ γx+ W̃ (x)]ψ1

0(x) = 0

W̃ (x) = −(1 + αx2)
ψ1′

0 (x)

ψ1
0(x)

− γx (30)

So we can obtain W̃ (x) by using the ground state wave
functions of the first system, Ĥ1. We can then generate
multiple potentials and their corresponding solutions.
Now, the problem that exists is that a wide range of gen-
eralized Hamiltonians cannot be solved analytically or
numerically. In order to utilize supersymmetry, we need
to obtain the solution for one of the systems. However,
the difficulty in finding a solution hinders this work.
An analytical method is used to find solutions for the
generalized system by using the classical system. In
this situation, we use perturbation theory. In the next
section, we will discuss the analytical solution of the
generalized Hamiltonian using perturbation theory.

V. ANALYTICAL SOLUTION OF
GENERALIZED HAMILTONIAN BY

PERTURBATION THEORY

In this section, we attempt to find approximate so-
lutions for the generalized Hamiltonian using perturba-
tion theory[15–17] and classical Hamiltonian solutions.
Considering that we are using perturbation theory, we
consider α as the perturbation factor. At first, we es-
tablish a relationship between the classical and gener-
alized creation and annihilation operators. This creates
a connection between the classical and generalized su-
perpotential. Let us assume that γ = 0.

W̃ (x) = (1 + αx2)W (x) (31)

ˆ̃A = (1 + αx2)
d

dx
+ W̃ (x) = (1 + αx2)Â (32)

ˆ̃A† = −(1 + αx2)
d

dx
+ W̃ (x) = (1 + αx2)Â† (33)

Therefore from eq.24 for ˆ̃H1 we have

ˆ̃H1 = ˆ̃A† ˆ̃A = (1 + αx2)Â†(1 + αx2)Â

= (1 + αx2)2Â†Â− 2αx(1 + αx2)
d

dx

= (1 + αx2)2Ĥ1 − 2αx(1 + αx2)
d

dx
(34)

Considering the O(α3) becomes very small , from per-
turbation theory we have

ˆ̃H1 = Ĥ1 + αĤ1 + α2Ĥ2 (35)

where

Ĥ1 = 2x2Ĥ1 − 2x
d

dx
, Ĥ2 = x4Ĥ1 − 2x3

d

dx
(36)

so the wave functions and energy levels are

ˆ̃H1ψ̃
1
n(x) =

ˆ̃E1ψ̃
1
n(x) (37)

ψ1
n(x) = ϕ1n(x) + αϕ1,1n (x) + α2ϕ1,2n (x) (38)

Ẽ1
n = E1

n + αE1,1
n + α2E1,2

n (39)

that

ϕ1,1n (x) =
∑
m ̸=n

H1
mn

E1
n − E1

m

〈
x
∣∣ϕ1m〉

(40)

ϕ1,2n (x) =
∑
m ̸=n

1

E1
n − E1

m

[H2
mn + h1mn

− E1,1
n

E1
n − E1

m

H1
mn]

〈
x
∣∣ϕ1m〉

(41)

E1,1
n =

〈
ϕ1n

∣∣ Ĥ1
∣∣ϕ1n〉 (42)

E1,2
n =

〈
ϕ1n

∣∣ Ĥ2
∣∣ϕ1n〉+ ∑

m ̸=n

∣∣H1
mn

∣∣2
E1

n − E1
m

(43)

where

H2
mn =

〈
ϕ1m

∣∣ Ĥ2
∣∣ϕ1n〉 (44)

H1
mn =

〈
ϕ1m

∣∣ Ĥ1
∣∣ϕ1n〉 (45)

h1mn =
〈
ϕ1m

∣∣ Ĥ2
∣∣ϕ1n〉 = ∑

k ̸=n

H1
knH

1
mk

E1
n − E1

k

(46)

where ϕ1n(x) and E1
n are wave functions and energy lev-

els for the classical Hamiltonian Ĥ1, respectively. As it
is known, in this method, γ = 0.
As mentioned earlier, the analytical solution is obtained
using perturbation theory. It relies on the perturbation
factor and the degree to which we utilize it. Therefore,
these solutions are not exact, and the accuracy of the
answers increases as we assume a higher degree of the
perturbation factor, denoted by α. Analytical solutions
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are obtained, but the advantage of these solutions is
that they can be used in cases where it is not feasible to
solve the generalized Schrödinger equation, which is de-
pendent on the Hamiltonian, using numerical methods.
Therefore, the analytical method is helpful in solving
such problems. In the next section, we will examine
two famous examples in quantum mechanics and com-
pare the accuracy of analytical and numerical solutions.

VI. EXAMPLES

In this section, we will solve two well-known exam-
ples in quantum mechanics for a generalized Hamilto-
nian using numerical and analytical methods. The first
one is the particle in a box, and the second one is the
harmonic oscillator. As mentioned, the numerical
method refers to solutions obtained through program-
ming codes and relevant software. In section V, we de-
rive the condition for the analytical method, which is
γ = 0.

A. Particle in a box

In the example of a particle in a box, we know that the
wave function and energy levels in the classical Hamil-
tonian are as follows.

ϕn(x) =

√
2

L
sin(

nπx

L
) , En =

n2π2

2mL2
(47)

First, we solve the generalized particle in a box prob-
lem. Then, we obtain the superpotential and generate
potentials to find the wave functions and energy levels.

1. Numerical solution

In this case the generalized Hamiltonian is

Ĥ = −(1 + αx2)2
d2

dx2
− 2αx(1 + αx2)

d

dx
(48)

Let we assume L = π then the normal wave functions
and energy levels are

ψ1
n(x) =

[
2
√
a

tan−1(
√
aπ)

]1/2
sin

[
nπtan−1(

√
ax)

tan−1(
√
aπ)

]
(49)

Ẽn =
an2π2

[tan−1(π
√
a)]2

(50)

In the limit as α → 0, the wave functions and energy
levels correspond to the classical case described by equa-
tion 47. Therefore, we can determine the wave functions
and energy levels for the generalized Hamiltonian of a

particle in a box. In Figure 2, the ground and first ex-
cited states are plotted for α = 0.2.
Now, by obtaining the wave functions and energy lev-

FIG. 2. The ground (dotted line), first (dashed line), and
second (thick line) excited states of wave functions for the
generalized Hamiltonian of a particle in a box for α = 0.2.
As you can see, the wave function deviates from its classical
state and shifts to the left as the value of α increases. We
assume that L = π.

els for the generalized particle-in-a-box problem, we can
solve the partner potential using generalized supersym-
metry. So, from equation 30, we have

W̃ (x) = − π
√
a

tan−1(π
√
a)
cot[

πtan−1(π
√
x)

tan−1(π
√
a)

] (51)

then from eq.27

V2(x) =
aπ2

[tan−1(π
√
a)]2

[
2 csc2[

πtan−1(π
√
x)

tan−1(π
√
a)

]− 1

]

+
2πa5/2x3cot[πtan

−1(π
√
x)

tan−1(π
√
a)

]

tan−1(π
√
a)

(52)

so the wave functions from eq.28 are

ψ2
1(x) = − 2

√
aπ

tan−1(π
√
a)

sin2
[
πtan−1(

√
ax)

tan−1(
√
aπ)

]
(53)

ψ2
2(x) = − 8

√
aπ

tan−1(π
√
a)

sin2
[
πtan−1(

√
ax)

tan−1(
√
aπ)

]
cos

[
πtan−1(

√
ax)

tan−1(
√
aπ)

]
(54)

...

and the energy levels are

Ẽ2
1 =

aπ2

[tan−1(π
√
a)]2

(55)

Ẽ2
2 =

4aπ2

[tan−1(π
√
a)]2

(56)

...

Therefore, using generalized supersymmetry, we were
able to solve the potentials generated by the particle
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potential in a box in the generalized quantum mechan-
ical framework. We must consider that in the limiting
case where α → 0, the solutions of the potentials tend
to their classical state. As seen in Figure 3, we plotted
the wave functions for the ground state and first excited
state of V2(x) with α = 0.1.
In Figure 4, we plot the energy levels in the gener-
alized Hamiltonian and classical Hamiltonian for α =
0, 0.01, 0.1.
Therefore, we obtain wave functions and energy levels
in potentials generated by the particle in a box poten-
tial in generalized quantum mechanics through the use
of generalized supersymmetry (GSUSYQM).

FIG. 3. In this figure, we assume that α = 0.1. The thick
line represents V2(x) from equation 40, the dotted line rep-
resents the ground state wave function, and the dashed line
represents the excited state wave function. We consider
L = π. If α → 0, we refer to Figure 1.

FIG. 4. In this figure, we examined the behavior of energy
levels in terms of different α and nth levels. We plotted for
different values of α, where the thick line represents α = 0
(classic), the dotted line represents α = 0.01, and the dashed
line represents α = 0.1. As you can see, as the value of
α approaches 0, the energy levels converge to the classical
states.

2. Analytical solution

Let’s solve the generalized particle in a box using per-
turbation theory. We assume O(α2) → 0. According to
Section V, we can solve this generalized Hamiltonian us-
ing a convenient approximation. Therefore, from equa-

tions 38,39,40and 42, we have

〈
ϕ1m

∣∣ Ĥ ∣∣ϕ1n〉 = Hmn = 2n[
m+ n

(m− n)2
(−1)m−n

+
m− n

(m+ n)2
(−1)m+n] (57)

and

〈
ϕ1n

∣∣ Ĥ ∣∣ϕ1n〉 =
2π2n2

3
(58)

then the wave functions and energy levels are

ψ1
n(x) =

√
2

π

[
sin(nx) + α

∑
m̸=n

Hmn

n2 −m2
sin(mx)

]
(59)

Ẽ1
n = n2 + α

2π2n2

3
(60)

In Figure 5, the ground state and first excited state
wave functions have been plotted for α = 0.2. As it
is known, the wave function leads to the exact solution
through the analytical solution method when α → 0.
By considering higher order terms such as α2, α3, . . . ,
our solution becomes more accurate.

FIG. 5. The ground (dotted line), first (dashed line), and
Second excited state wave functions for the generalized
Hamiltonian of a particle in a box for α = 0.2 using the an-
alytical method. As shown, the analytical method is a good
approximation for solving the generalized Hamiltonian.

In Figure 6, we plot energy levels for α = 0.01 and
α = 0.1. As shown, for α = 0.01, the energy levels of
the solution are exact. However, for the approximation
of α = 0.1, there is a quantitative difference from the
exact solution.
Now, if we want to obtain the partner potentials of the
particle potential in a box through generalized super-
symmetry from eq.30 and the ground state wave func-
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FIG. 6. In this figure, we plotted energy levels using both an-
alytical and numerical methods for different values of . The
thick lines represent the numerical results, with the bottom
line corresponding to =0.01 and the upper line correspond-
ing toα = 0.1. The dashed lines represent the analytical
results, with the bottom line also corresponding to α = 0.01
and the upper line corresponding to α = 0.1. As shown, the
difference in energy levels between numerical and analytical
methods when α << 1 is very small.

tion, we have.

ψ1
1(x) =

√
2

π

[
sin(x) + α

∑
m ̸=1

Hm1

1−m2
sin(mx)

]
(61)

W̃ (x.m) = −(1 + αx2)
cos(x) + α

∑
m ̸=1

mHm1

1−m2 cos(mx)

sin(x) + α
∑

m ̸=1
Hm1

1−m2 sin(mx)

(62)

or from eq.31

W̃ (x) = −(1 + αx2) cot(x) (63)

In fact, these two superpotential are the same ,
limm→∞ W̃ (x,m) = W̃ (x).
So the second potential is

V2(x) = (1 + ax2)[2 csc2(x)− 1]− 2ax(1 + ax2) cot(x)
(64)

Now, from eq.32 and 33, we can obtain the wave func-
tions in this potential.

ψ2
1(x) =

ˆ̃Aψ1
2(x) = (1 + αx2)Âψ1

2(x) (65)

ψ2
2(x) =

ˆ̃Aψ1
3(x) = (1 + αx2)Âψ1

3(x) (66)
...

As shown in Figure 7, the wave functions for the ground
state and first excited state have been plotted for α =
0.2.
As expected, perturbation theory provides approximate
but accurate solutions for wave functions and energy
levels in generalized systems. Therefore, we can first use
their classical form to solve difficult generalized Hamil-
tonians and then apply perturbation theory to obtain
wave functions and energy levels for the potentials gen-
erated from them through generalized supersymmetry.

FIG. 7. In this figure, we assume α = 0.1 and the thickness.
The solid state function, while and the dashed represents is
the state. state Wave we arrive at Figure 3.

B. Harmonic oscillator

As we know, the wave function and energy values for
a harmonic oscillator are as follows

ϕn(x) =
1√
2nn!

(
mω

πℏ
)1/4e−

mωx2

2ℏ Hn(

√
mω

ℏ
x) (67)

En = ℏω(n+
1

2
) (68)

In supersymmetry in quantum mechanics, it is neces-
sary to consider a gap between the two potentials in
order to account for the superpotential, wave functions,
and energy levels [4].

W (x) =
1

2
ωx− b (69)

V1(x) =
1

4
ω2(x− 2b

ω
)2 − ω

2
(70)

E1
n = nω (71)

ϕ1n(x) ∝ exp

(
−1

2
y2
)
Hn(y) (72)

where

y =

√
ω

2
(x− 2b

ω
) (73)

Now we obtain the wave functions and energy levels for
the generalized harmonic oscillator using numerical and
analytic methods.

1. Numerical solution

Let’s obtain the wave functions in the Generalized
Harmonic Oscillator. The Generalized Hamiltonian for
this case is known

Ĥ = −(1 + αx2)2
d2

dx2
− 2αx(1 + αx2)

d

dx
+

1

4
x2 − 1

2
(74)
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so the wave function in numerical solution is

ψ1
n(x) = c1P

(− 1
2+

√
−2+a2

4a2 )
√

−1+2ae√
2a

(x) + c2Q
(− 1

2+
√

−2+a2

4a2 )
√

−1+2ae√
2a

(x)

(75)

where Pm
n (x) and Qm

n (x) are associated Legendre func-
tions and is defined

Pm
n (x) =

1

Γ(1−m)
[
1 + x

1− x
]m/2

F1(−n, n+ 1; 1−m;
1− x

2
) (76)

Qm
n (x) =

√
πΓ(1 + n+m)

2n+1Γ(1−m)

(1− x2)m/2

xm+n+1

F1(
m+ n+ 1

2
,
m+ n+ 2

2
;n+

3

2
;
1

x2
) (77)

where

F1(α, β; γ; z) =
Γ(γ)

Γ(α)Γ(β)

∞∑
n=0

Γ(α+ n)Γ(β + n)

Γ(γ + n)n!
zn

(78)

is called hypergeometric functions.[14, 18, 19]
According to eq.75, it is very difficult to use this wave
function to check and obtain energy levels. Therefore,
this numerical solution is not as useful as it should be.
Therefore, we use the analytical method of perturbation
theory.

2. Analytical solution

We want to obtain the ground state wave function
and energy level for a generalized Hamiltonian. For
the classical Hamiltonian, the ground state, first excited
state, and second excited state wave functions and en-
ergy levels are as follows

ϕ10(x) =
1

π1/4
e−

x2

2 , E0 = 2 (79)

ϕ11(x) =
2

π1/4
xe−

x2

2 , E0 = 4 (80)

ϕ12(x) =
2

π1/4
(2x2 − 1)e−

x2

2 , E0 = 6 (81)

For convenience we assume ω = 2 and b = 0. Now,
the ground state wave function and energy level for the
generalized Hamiltonian from eqs.40 and 42 are:〈

ϕ1m
∣∣ Ĥ ∣∣ϕ10〉 =

5√
π

∫ ∞

−∞
x2Hm(x)e−x2

dx (82)

and for the ground state energy〈
ϕ10

∣∣ Ĥ ∣∣ϕ10〉 =
5

4
(83)

so the ground state wave functions generalized Har-
monic oscillator are

ψ1
0(x) =

1

π1/4

[
e−

x2

2

− α
5

π1/4

∑
m̸=0

1

m

∫ ∞

−∞
x2Hm(x)e−x2

dxϕ1m(x)

]
(84)

and the ground state , first and second excited states
energy levels

Ẽ1
0 = 2 + α

5

4
(85)

Ẽ1
1 = 4 + α

25

4
(86)

Ẽ1
2 = 6 + α

65

4
(87)

In figures 8 and 9, the ground state wave function and
energy levels for the generalized harmonic oscillator
have been plotted, respectively.
On the other hand, in Figure 10, the ground, first, and
second excited states are plotted for α = 0.1. As we ex-
pect, if α → 0, then the wave function tends to the
classical wave function. Pay attention that we have
omitted the higher degrees of α, and the accuracy of
the wave functions and energy levels is related to the
perturbation factor (α).
Now, from eq.31, we can obtain the generalized super-
potential. Then, using eqs.32 and 33, one can derive
the wave function and energy levels for newer poten-
tials. The potentials are as follows:

V1(x) = x2(1 + ax2)2 − (1 + ax2)(1 + 3ax2) (88)

V2(x) = x2(1 + ax2)2 + (1 + ax2)(1 + 3ax2) (89)

The equation 84 represents the ground state wave func-
tion of the potential V1(x), while equations 85, 86, and
87 represent the energy levels for the ground state, first
excited state, and second excited state of the respective
potentials.
Now, from Eq. (28) and (32), we can obtain the wave
functions of the potential V2(x). So, the wave functions
of the ground and first excited states, . . . , are.

ψ2
1(x) =

ˆ̃Aψ1
2(x) = (1 + αx2)Âψ1

2(x)

ψ2
2(x) =

ˆ̃Aψ1
3(x) = (1 + αx2)Âψ1

3(x)

...

ψ2
n(x) =

ˆ̃Aψ1
n+1(x) = (1 + αx2)Âψ1

n+1(x)

In Figure 11, the ground, first, and excited states for
α = 0.1 have been plotted. As it is known, if α → 0,
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FIG. 8. As shown, the ground state wave functions in po-
tentials V2(x) for α = 0, 0.1, 0.1 have been plotted using dot-
ted, dashed, and thick lines, respectively. As we expected,
ifα → 0, then the wave function will be the classical ground
state wave function (dotted line).

then the figures 10 and 11 are exactly the same. This
can be used to verify the correctness of our answer.
On the other hand, if we consider intuition and the
classical point of view, we can observe that potential
V2(x) is wider than potential V1(x). Classically, this
width causes a perturbation in the wave. Comparing
it to Figure 10, we can see that the wave at that
point should undergo a change in the domain. This
perturbation and change can be observed in Figure 11.

FIG. 9. In this figure, the energy levels for different are
plotted. The bottom line represents α = 0, the middle line
represents α = 0.01, and the upper line represents α = 0.1.
As α approaches zero, the energy levels will converge to the
classical energy levels.

VII. CONCLUSION

In summary, first we will review supersymmetry in
quantum mechanics and solve the new potentials gen-
erated from the infinite square well potential. Then, we
describe the Generalized Uncertainty Principle (GUP)
and consider the new form of the momentum operator
eq.19. Next, we investigate the concept of supersym-
metry in quantum mechanics using GUP, or in other

FIG. 10. As shown in the graph, the ground state, first
excited state, and second excited state wave functions for
α = 0.1 have been plotted using dotted, dashed, and thick
lines, respectively. As we expected, if approaches 0, then
the wave functions will resemble figure 10.

FIG. 11. In this figure, the ground state, first, and second
excited wave functions in V2(x) for α = 0.1 are plotted using
dotted, dashed, and thick lines, respectively.

words, the Generalized Supersymmetry in quantum me-
chanics. We explore the existence of supersymmetry in
this form.
In the following, since it can be challenging to solve
the generalized Hamiltonian directly in certain systems,
we utilized perturbation theory to solve it. This ap-
proach established relationships between the creation
and annihilation operators and allowed us to solve two
well-known examples. For the second example, which
involved the harmonic oscillator, solving it numerically
proved to be quite challenging. This led us to appreciate
the advantages of the analytical solution. By employing
this method, we were able to obtain the Hamiltonian so-
lution for the generalized harmonic oscillator.
So, we construct supersymmetry in quantum mechanics
using the generalized uncertainty principle (GUP) and
obtain analytical solutions to solve generalized Hamil-
tonians. Through this approach, we generate many po-
tentials using generalized supersymmetry, allowing us
to obtain wave functions and energy levels in a gener-
alized form.
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Appendix A

First let us define the Adjoint Differential Operators.
Consider we have the operator differential as

L̂ = p2(x)
d2

dx2
+ p1(x)

d

dx
+ p0(x) (A1)

and we have the differential equation

L̂[u] ≡ p2(x)
d2u

dx2
+ p1(x)

du

dx
+ p0(x)u = 0 (A2)

Now let us define some definition and proposition.
Difinition 1 The eq.A2 is said to be exact if

p2(x)
d2u

dx2
+ p1(x)

du

dx
+ p0(x)u =

d

dx
[A(x)u

′
+B(x)u]

(A3)

for all u ∈ H2[a, b] and for some A,B ∈ H[a, b]. An
integrating factor for L̂[u] is a function µ(x) such that
µ(x)L̂[u] is exact[14].
Proposition 1 A function µ(x) is an integrating factor
of the eq.A2 if and only if it is a solution for

M̂[µ] ≡ (p2µ)
′′
− (p1µ)

′
+ p0µ = 0 (A4)

The operator M̂ given by

M̂ ≡ p2
d2

dx2
+ (2p2 − p1)

d

dx
+ (p

′′

2 − p
′

1 − p0) (A5)

is called the adjoint of the operator L̂ and denoted by
M̂ ≡ L̂†[14].
Theorem 1 The eq.A2 is self-adjoint(Hermitian) if
and only if p

′

2 = p0 in which the eq.A2 can be writ-
ten

d

dx
[p2(x)

du

dx
] + p0u = 0 (A6)

If it is not self-adjoint, it can be made so by multiplying
it through by

µ(x) =
1

p2(x)
exp

[∫ x p1(t)

p2(t)
dt

]
(A7)

Now we know when a operator is an adjoint or self-
adjoint. Now we will examine the orthogonality of the
solutions of a differential equation.

From Sturm-Liouville systems[14, 20] and second order
differential equations(SOLDEs) , assume L̂ is an oper-
ator(not self-adjoint), then if we have eigenvalue prob-
lem(differential equation) as

L̂[u] + λ[u] = 0 (A8)
which can be written

p2(x)
d2u

dx2
+ p1(x)

du

dx
+ p0(x)u+ λu = 0 (A9)

From Theorem 1 , by multiplying integrating factor
the L̂ be self-adjoint and we have

d

dx
[p(x)

du

dx
] + [λµ(x)− q(x)]u = 0 (A10)

where p(x) = µ(x)p2(x) and q(x) = −µ(x)p0(x).
Now from Lagrange identity for a self-adjoint differen-
tial operator L̂ [14, 21, 22]

uL̂[v]− vL̂[u] = d

dx
[p(x)[u(x)v

′
(x)− v(x)u

′
(x)]]

(A11)

which u(x) and v(x) are the solution of eq.A10 and if
λ1 and λ2 are the eigenvalue of eq.A8 , respectively, so

uL̂[v]− vL̂[u] = (λ1 − λ2)µ(x)u(x)v(x) (A12)

Integrating both sides of eq.A12 then yields

(λ1 − λ2)

∫ b

a

µuvdx = p(x)[u(x)v
′
(x)− v(x)u

′
(x)]|ba
(A13)

now if u(x) and v(x) could satisfy the boundary con-
dition which the Sturm-Liouville system defined , then
inner product integral with weight function(or integrat-
ing factor) µ(x) is

⟨u|v⟩ ≡
∫ b

a

µ(x)u(x)v(x)dx (A14)

Let check eqs.20 and 22. We know the Hamiltonian
from eq.20 is hermitian , so it is self-adjoint and from
eqs.A7 and A14 the inner product for wave functions of
Hamiltonian is

⟨ψn|ψm⟩ =
∫ b

a

ψ∗
n(x)ψm(x)

1 + αx2
dx (A15)
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